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Abstract
Let K be a quadratic imaginary number field, f ∈ N and let Of be the order of conductor f in K . We
consider the singular values of the Kleinian normalization ϕ of the Weierstrass σ -function belonging to
an arbitrary proper ideal of Of . The factorization of these singular values goes back to K. Ramachandra,
R. Schertz and W. Bley. But the factorization formula in [W. Bley, Konstruktion von Ganzheitsbasen in
abelschen Körpererweiterungen von imaginär-quadratischen Zahlkörpern, Dissertation, Universität Augs-
burg, 1991] is very implicit and not easy to handle in view of many practical applications. In this paper
we provide an explicit factorization formula and give different tools to control this factorization. As an
immediate application we prove the generalized principal ideal theorem in the ring class field situation.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and statement of results
For a lattice Γ = [ω1,ω2] := Zω1 + Zω2 in C with Im(ω1ω2 ) > 0 and z ∈ C let
ϕ
(
z
∣∣∣∣ω1ω2
)
:= (2πi)e−zz∗/2σ(z|Γ )η
(
ω1
ω2
)2
ω−12 ,
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174 S. Bettner / Journal of Number Theory 127 (2007) 173–183where σ denotes the Weierstrass σ -function, η the Dedekind η-function and z∗ is defined by
z∗ = z1η1 + z2η2 with the quasi-periods η1, η2 of the Weierstrass ζ -function and z1, z2 ∈ R with
z = z1ω1 + z2ω2. Note that ϕ
(
z|ω1ω2
)
depends on the choice of the basis ω1,ω2 of Γ , whereas
(
ϕ
(
z
∣∣∣∣ω1ω2
))12
= (e−zz∗/2σ(z|Γ ))12Δ(Γ )
only depends on the lattice Γ . However we will often shortly write ϕ(z|Γ ) := ϕ(z|ω1ω2), if the
choice of a basis follows from the context or is irrelevant for the concrete situation. Immediately
from the definition one gets the homogeneity property
ϕ
(
ξz
∣∣∣∣ ξω1ξω2
)
= ϕ
(
z
∣∣∣∣ω1ω2
)
for ξ ∈ C∗.
In recent years the singular values of ϕ have become more and more important in complex
multiplication. For example, in Schertz [9] they play a decisive role for the construction of rela-
tive integral basis generated by the powers of one element in ray class fields over quadratic imag-
inary number fields. Moreover they are extensively used in Bettner [1], Bley [2,3], Klebel [5],
Schertz [7,8,10,11].
Particularly, the factorization of the singular ϕ-values is interesting and has many applica-
tions. Hereunto we start with some notation. Let K be a quadratic imaginary number field with
discriminant dK and ring of integersOK . For f ∈ N letOf denote the order of conductor f in K ,
If the group of proper ideals belonging to Of and Ωf the ring class field modulo f over K . For
an integral ideal m inOf further let Φf (m) := |(Of /m)∗|. Finally, for given a ∈ If and ξ ∈ K \a
we consider the denominator o(ξ |a) := aξ−1 ∩Of of ξ with respect to a. In case of f = 1 the
factorization of the singular values of ϕ goes back to K. Ramachandra and R. Schertz and a little
more general we get
Proposition 1. Let a ∈ If and ξ ∈ 1q a \ a for some q ∈ N with (q, f ) = 1. Then for every prime
ideal p in K we have
ϕ(ξ |a) ≈ ϕ(ξ |aOK) ≈
{
(1), if o(ξ |aOK) is decomposed,
p
1
Φ1(pr ) , if o(ξ |aOK) = pr for r ∈ N.
The following tools have turned out to be very useful to control the factorization of ϕ(ξ |a) in
more general situations. For this purpose we call an integral ideal q in Of decomposed, if q is
not a primary ideal in Of .
Theorem 2. Let a ∈ If and ξ ∈ K \ a with decomposed denominator o(ξ |a) in Of . Then ϕ(ξ |a)
is an algebraic unit.
Theorem 3. Let a ∈ If , p ⊆Of be a prime ideal and ξ ∈ K \ a with pN · ξ ⊆ a for all N ∈ N.
Then vpOK (ϕ(ξ |a)) = 0.
For arbitrary a ∈ If and ξ ∈ K \ a the factorization of ϕ(ξ |a) is determined by Bley
[3, Satz (2.10)]. But the factorization formula in [3] is very implicit and not easy to handle
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factorization. For this it suffices to indicate vp(ϕ(ξ |a)) for any prime ideal p in K . We write
f = psm with p  m for p ∩ Z = pZ and choose N ∈ N minimal with ξ ∈ 1
N
a \ a. If N is no
p-power we will see
vp
(
ϕ(ξ |a))= 0. (1)
So let N = pr with r  1. By the homogeneity of ϕ we may assume a to be integral, regular and
primitive, i.e.
a[A,f α], aOK = [A,α] (2)
with some A ∈ N and α ∈OK with (A,p) = 1. Modifying α modulo A does not change (2) and
so we may additionally assume
• paOK = [pA,α], if p ramifies in K ,
• p¯r+saOK = [pr+sA,α], if p splits in K .
With this notation we derive from the results in [3] the following explicit factorization formula.
Theorem 4. 1. If p splits in K we have
vp
(
ϕ(ξ |a))=
⎧⎨
⎩
0, if prξ /∈ [prA,f α],
1
pr−1(p − 1) , if p
rξ ∈ [prA,f α].
2. If p is inert in K then
vp
(
ϕ(ξ |a))=
⎧⎪⎪⎨
⎪⎪⎩
1
p2r+s−2i0−2(p2 − 1) , if i0  r,
(p + 1)pi0−r − 1
ps−1(p2 − 1) , if i0 > r
for i0 ∈ {0, . . . , s} minimal with prξ /∈ [pmin(i0+1,r)A,pmax(i0+1,s)mα].
3. If p ramifies in K then
vp
(
ϕ(ξ |a))=
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
1
p2r+s−i0−1(p − 1) , if i0  2r,
(p + 1)pi0/2−r − 1
ps(p − 1) , if i0 > 2r even,
2p(i0+1)/2−r − 1
ps(p − 1) , if i0 > 2r odd
for i0 ∈ {0, . . . ,2s} minimal with prξ /∈ [pmin([(i0+2)/2],r)A,pmax([(i0+1)/2],s)mα].
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(cf. [1, Lemma 3.5]).
As an application of the above formulas we easily prove the generalized principal ideal theo-
rem in the ring class field situation. For this purpose at first we recall for an integral ideal m of
Of the following definition from [3]. We denote by
Sf =
{
α ∈ K: α ≡ 1 (mod f ), (α,f ) = 1, r ∈ Q}
the group of all α ∈ K prime to f congruent to some rational number modulo f . From the
congruence subgroup
H0 = {αOK : α ∈ Sf }
we exclude a new congruence subgroup H ∗0 (m) by the additional condition
α ≡ 1 [mod m] (3)
for α ∈ Sf . Herein (3) means α to be prime to fmOK and in case of α = 1 additionally
(α − 1)Of = am
b
for some integral ideals a,b ∈ If with m + b =Of . By Söhngen [13] H ∗0 is a congruence sub-
group defined modulo fmOK and in what follows we call the corresponding field Km the ring
ray class field modulo m over K .
Now let K be quadratic imaginary with dK = −3,−4 for simplicity. Then the generalized
principal ideal theorem of complex multiplication (see, e.g., Schertz [11]) for any prime ideal p
in K and any n ∈ N gives an element θ ∈ Kpn with
θ ∼ p
1
[Kpn :HK ]
for the Hilbert class field HK = Ω1 over K . So roughly speaking in the extension Kpn over HK
the ideal p is completely ramified into a principal ideal. Now let f ∈ N and pf = p∩Of . In what
follows we need the assumption, that pfOK is a primary ideal in OK , i.e. we have to exclude the
case
p splits in K and p | f (4)
with pZ = p ∩ Z. Shortly we will show, that indeed this exclusion is essential. Writing f =
psm with p  m we then obtain for any primary ideal P in Of belonging to pf the following
generalized principal ideal theorem.
Theorem 5. There exists θ ∈ KP with θ ∼ p1/[KP:Ωm].
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necessary consider in case of (4) for example P = prOf with r  2. Then, on the one hand, one
easily gets
[KP : Ωm] = 12p
2r+s−2(p − 1)2.
But on the other hand we obtain from Bley [2, Lemma 15] the ramification index eKP/K of p in
KP as
eKP/K = pr+s−1(p − 1).
So in this case p cannot be completely ramified in the extension KP over Ωm. Anyhow an
approximation to the generalized principal ideal theorem in the excluded case (4) may be seen in
Corollary 8.
2. Proof of the factorization formula
We start with the proof of Theorem 3 that we lead back to the following well-known conse-
quence of Bley [3, Lemma (2.7) and Satz (2.3)]:
Δ(b)
Δ(a)
≈ (ab−1OK)12 for a,b ∈ If , (5)
∏
ξ∈b\a
ξ (mod a)
ϕ(ξ |a) ≈ 12
√
Δ(b)
Δ(a)
for lattices a and b in K with a ⊆ b. (6)
For the proof of Theorem 3 we further need the following explicit information on the prime ideals
in Of .
Lemma 6. Let f = pe11 · · ·perr with ei > 0 and pairwise distinct primes pi ∈ Z. Then there are
exactly r nonproper prime ideals in Of , namely
pi = pi ·Of/pi for i = 1, . . . , r.
Proof. For pi = pi · Of/pi at first we have pi ⊆ Of and pi · Of = pi . So pi is an integral
ideal for Of , obviously not proper. Because of |Of /pi | = pi we recognize pi to be maximal.
Conversely, let p ⊆Of be a prime ideal in Of . If p is not regular, it follows
p + fOf =Of p max .
⇒ fOf ⊆ p 
⇒ f ∈ p
p prime
⇒ pi ∈ p for some i ∈ {1, . . . , r}.
So we obtain p2i = p2i ·Of/pi ⊆ piOf ⊆ p. But as p is prime from this it must be pi ⊆ p and
therefore p = pi by the maximality of pi . 
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Proof of Theorem 3. Let M ∈ N with Mξ ∈ a and at first p ∈ If . We choose N ∈ N0 maximal
with MOf ⊆ pN . Then for b := p−N(MOf )
b ⊆Of , b ⊆ p p max .
⇒ b + p =Of 
⇒ bOK + pOK =OK. (7)
From (5) and (6) we further obtain
∏
ξ˜∈ 1
M
a\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈(MOK)=(pNOK)(bOK)
=
∏
ξ˜∈p−Na\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈pNOK
·
∏
ξ˜∈ 1
M
a\p−Na
ξ˜ (mod a)
ϕ(ξ˜ |a).
So ξ /∈ p−Na shows ϕ(ξ |a) to be a divisor of bOK and the assertion directly follows from (7).
Now let p = p ·Of/p for some p|f . We argue similarly and write M = pNq with (p, q) = 1.
Because of pN+1 = pN+1Of/p ⊆ pNOf we obtain pNξ /∈ a. By the equation
∏
ξ˜∈ 1
M
a\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈pNqOK
=
∏
ξ˜∈ 1
pN
a\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈pNOK
·
∏
ξ˜∈ 1
M
a\ 1
pN
a
ξ˜ (mod a)
ϕ(ξ˜ |a)
therefore ϕ(ξ |a) must divide qOK . 
Proof of Theorem 4. We only show part 1. The other cases are quite similar, although a bit more
complicated (cf. the proof of Bettner [1, Satz 3.17]). We deduce the validity of the assertion from
Bley [3, Satz (2.10)]. Setting m := pra, λ := prξ ∈ a ⊆Of we obtain ϕ(ξ |a) = ϕ(λ|m) as well
as fmOK = pnb with n = r + s and b = mp¯r+saOK . So for k = 0, . . . , n we have
pkb = pk · p¯r+s−kmaOK = pkm
[
pr+s−kA,α
]= [pr+smA,pkmα], (8)

⇒ pkb ∩Of =
[
pr+smA,pkmα
]∩ [1, f α] = [pr+smA,pmax(k,s)mα],

⇒ m + (pkb ∩Of )= [prA,prf α]+ [pr+smA,pmax(k,s)mα]
= [prA,pmax(k,s)mα]. (9)
From (8) we further get
m ∩ pkb = [prA,prf α]∩ [pr+smA,pkmα]
= [pr+smA,prf α]= pnb 
⇒ ∣∣∣∣m ∩ pkbn
∣∣∣∣= 1.p b
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prξ /∈ [prA,f α]. Moreover
m + (pkb ∩Of )= { [prA,f α], if k  s,[prA,pf α], if k = s + 1.
But λ /∈ [prA,pf α] because of the minimality of N . So for λ ∈ [prA,f α] we have i0 = s and
we, finally, obtain
vp
(
ϕ(ξ |a))= 1
Φ(pr )
= 1
pr−1(p − 1) . 
Corollary 8. Let a ∈ If and p a prime ideal in K . Then for each  > 0 there is a ξ ∈ K \ a with
0 < vp(ϕ(ξ |a)) < .
Proof. Let pZ = p∩OK . The case (p,f ) = 1 can easily be treated using Proposition 1. For p|f
we again may assume a to be integral, regular and primitive, i.e. a = [A,α] with (A,f ) = 1. If p
ramifies in K or is inert in K we define ξ := A
pN
for N ∈ N sufficiently large. Then by Theorem 4
it is
v(p)
(
ϕ(ξ |a))=
⎧⎪⎪⎨
⎪⎪⎩
1
p2N+s−2(p2 − 1) if p is inert in K,
1
p2N+s−1(p − 1) if p ramifies in K.
If p splits in K we may choose α with additionally p¯N+saOK = [pN+sA,α] for some given
N ∈ N. Then for ξ := f α
pN
vp
(
ϕ(ξ |a))= 1
pN−1(p − 1) . 
(1) is shown similarly to the proof of Theorem 3. For the remaining proof of Theorem 2 first
observe, that for any integral ideal q ⊆Of in Of there is a proper ideal q∗ ⊆Of for Of and an
integer N ∈ N with
qN ⊆ q∗ ⊆ q. (10)
For the construction of q∗ let q at first be primary, p := √q and n ∈ N with pn ⊆ q ⊆ p. In case of
p ∈ If we can choose q∗ := pn and N := n. For p = pOf/p let q∗ := pnOf , N := 2n and attend
q2 ⊆ p2 = p2Of/p ⊆ pOf . An arbitrary ideal q ⊆Of admits a decomposition q = q1 · · ·qt with
t ∈ N0 and primary ideals qi . If we choose q∗i and Ni ∈ N as above then q∗ := q∗1 · · ·q∗t and
N := max(N1, . . . ,Nt ) satisfy (10). Next we need the following characterization of “ξ having
decomposed denominator with respect to a.”
Lemma 9. Let a ∈ If and ξ ∈ K \ a. Then the denominator o(ξ |a) is decomposed in Of if and
on]y if there are integral ideals q1,q2 ⊆Of relatively prime with
q1q2ξ ⊆ a, q1ξ ⊆ a, q2ξ ⊆ a (11)
and in this case there are actually proper ideals q1,q2 ⊆Of for Of relatively prime with (11).
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a1,a2 ⊆Of . Then for q1 := a∗1, q2 := a∗2 and N1,N2 ∈ N as in (10) we have q1q2 = a∗1a∗2 ⊆ m
and so q1q2ξ ⊆ a. Moreover
Of = aN11 + aN22 ⊆ q1 + q2 
⇒ q1 + q2 =Of . (12)
From the assumption q1ξ ⊆ a we further obtain q1 ⊆ m and so qN21 ⊆ mN2 ⊆ aN22 ⊆ a∗2 = q2
which contradicts (12). Similarly we get q2ξ ⊆ a. Conversely let q1,q2 ⊆ Of be integral rela-
tively prime ideals in Of with (11). Then q1q2 ⊆ m, but q1 ⊆ m, q2 ⊆ m. If m was primary with
p = √m, then Zariski [14, Theorem 12] immediately gives q1 ⊆ p, q2 ⊆ p and so the contradic-
tion Of = q1 + q2 ⊆ p. 
Proof of Proposition 1. We may assume a to be integral and regular. Then also qa is integral
and regular and due to Lang [6, p. 91f.] moreover we get qa + fOf =Of . Now for λ = qξ ∈
a ⊆ Of the Chinese Remainder Theorem in Of gives some λ′ ∈ Of with λ′ ≡ λ (mod qa),
λ′ ≡ 1 (mod fOf ). Then ξ ′ = λ′q is regular too and it follows
o(ξ ′|a) = (ξ |a), ϕ(ξ |a)12q = ϕ(ξ ′|a)12q
by Lemma 2.2(iv) in Bley [3]. So without loss of generality we also may assume ξ to be regular.
In this case the assertion immediately follows from Satz (2.2) in Bley [4]. 
Proof of Theorem 2. Let q1,q2 ∈ If be as in Lemma 9. Then (5) and (6) show∏
ξ˜∈(q1q2)−1a\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈(q1q2OK)
=
∏
ξ˜∈q−N1 a\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈q1OK
·
∏
ξ˜∈q−12 a\a
ξ˜ (mod a)
ϕ(ξ˜ |a)
︸ ︷︷ ︸
≈q2OK
·
∏
ξ˜∈(q1q2)−1 (mod a)
ξ˜ /∈q−11 a, ξ˜ /∈q−12 a
ϕ(ξ˜ |a)
and we obtain ∏
ξ˜∈(q1q2)−1 (mod a)
ξ˜ /∈q−11 a, ξ˜ /∈q−12 a
ϕ(ξ˜ |a) ≈ (1). 
3. Proof of the generalized principal ideal theorem
At first we collect some facts on the singular ϕ-values that can easily be derived using the
standard methods of complex multiplication (cf., for example, Schertz [12]).
Proposition 10. Let a ∈ If .
1. ϕ(ξ |a) for ξ ∈ K \ a is an algebraic integer and if ξ ∈ 1
M
a \ a for M ∈ N and m := o(ξ |a)
then
ϕ(ξ |a) ∈ K12fM2, ϕ(ξ |a)12M ∈ Km.
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(
ϕ(ξ |a)12M)σ(c) = ϕ(ξ |ac−1f )12M.
2. For ξ1, ξ2 ∈ 1M a \ a with M ∈ N we have
ϕ(ξ1|a)
ϕ(ξ2|a) ∈ K2M2Of ,
(
ϕ(ξ1|a)
ϕ(ξ2|a)
)σ(λ)
= ϕ(λξ1|a)
ϕ(λξ2|a)
for any λ ∈Of prime to 2fM .
Pay attention to the fact, that
ϕ(ξ1|a)
ϕ(ξ2|a) =
e
1
2 ξ1ξ
∗
1 σ(ξ1|a)
e
1
2 ξ2ξ
∗
2 σ(ξ2|a)
is independent of the choice of a basis of a.
The proof of Theorem 5 is quite simple in case of s = 0, i.e. if p  f . Namely then P = pnf
for some n ∈ N. Because p is unramified in Ωf , but completely ramified in Kpn we obtain
Ωf ∩Kpn = HK and by considering the related congruence subgroup one easily gets
KP = Ωf ·Kpn .
Therefore [Kpn : HK ] = [KP : Ωf ] and we can choose θ ∈ Kpn by the ordinary generalized prin-
cipal ideal theorem. Now let s  1. By taking relative norms we may further assume P = prOf
and r  2. For an integral, regular, primitive ideal q ∈ If of Of relatively prime to 2pf and with
q + q¯ =Of we then have
Lemma 11. There exists a θ ∈ KqP with θ ∼ p1/[KqP:Kq]·[Ωf :Ωm].
Proof. Let γ ∈Of with γ ≡ 0 (mod Pq¯), γ ≡ 1 (mod q). As in Schertz [11] we consider the
function
f (z) := ϕ(z − γ |qP)ϕ(z + γ |qP)
ϕ(z|qP) = −ϕ(γ |qP)
(
℘(z|qP)
6√Δ(qP) −
℘(γ |qP)
6√Δ(qP)
)
where the last equal sign comes from the known formula for ℘(z1)−℘(z2) with the Weierstrass
℘-function. f is obviously elliptic with respect to qP and for θ := f (1) we first claim
θ ∈ KqP. (13)
To show this let N := Nf (qP) = |Of /qP|. Then from Proposition 10 we have θ ∈ K2N2Of and
for λ ∈Of prime to 2Nf with λ ≡ 1 (mod qP) further
f (1)σ(λ) = ϕ(λ− λγ |qP)ϕ(λ+ λγ |qP) .
ϕ(λ|qP)
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(cf. [10, (2)])
ϕ(λ± λγ |qP) = ϕ(λ± γ ± τγ |qP) = ψ(τγ )e 12 l(λ±γ,±τγ )ϕ(λ± γ |qP)

⇒ f (1)σ(λ) = f (λ) · e 12 [l(λ+γ,τγ )+l(λ−γ,−τγ )] = f (λ) · el(γ,τγ ).
Using l(au, v) = l(u, a¯v) for a ∈ C we get el(γ,τγ ) = el(γ γ¯ ,τ ) = 1 and so (13) follows from
f (1)σ(λ) = f (λ) = f (1).
In view of the factorization of θ we first observe that o(1|qP) = qP is obviously decomposed.
By 1 + γ /∈ q, P also o(1 + γ |qP) is decomposed. As P(1 − γ ) ∈ qP we therefore obtain
similarly to the proof of Theorem 3
θ ≈ pvp(ϕ(1−γ |qP)).
Now let p be inert in K . As in (2) we write q = [A,f α], qOK = [A,α] and notice
ϕ(1 − γ |qP) = ϕ(ξ |q) for ξ = 1 − γ
pr
.
But the assumption 1 − γ ∈ [pmin(1,r)A,pmax(1,s)mα] = [pA,f α] gives γ ≡ 1 (mod pf ) in
contrast to γ ∈ P. So with the notation of Theorem 4 we have i0 = 0 and
vp
(
ϕ(1 − γ |qP))= 1
p2r+s−2(p2 − 1) .
On the other hand, we obtain from Bley [3, Korollar (4.5)]
[KqP : Kq] = Φf (P) = p2r−1(p − 1).
So the result comes from [Ωf : Ωm] = ps−1(p + 1) and the case “p ramified” works quite
similar. 
Proof of Theorem 5. We use the well-known fact
ggT
{
Nf (q)− 1: q a prime ideal in K with q  N q¯
}= 2
for each N ∈ N. According to this we can choose integral, regular prime ideals q1, . . . ,qt in Of
relatively prime to 2pf with qi + q¯i =Of and
x1
(
Nf (q1)− 1
)+ · · · + xt(Nf (qt )− 1)= 2
for some xi ∈ Z. With θ1, . . . , θt as in Lemma 11 define
θ :=
t∏(
NKqiP/KP
(θi)
)xi .
i=1
S. Bettner / Journal of Number Theory 127 (2007) 173–183 183Because of [KqiP : KP] = Φf (qi ) = Nf (qi )− 1 and [KqiP : Kqi ] = Φf (P) we obtain
NKqiP/KP
(θi) ≈ p
Nf (qi )−1
Φf (P)·[Ωf :Ωm] 
⇒ θ ≈ p
2
Φf (P)·[Ωf :Ωm] .
So the assertion follows from [KP : Ωf ] = 12Φf (P). 
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